The potential of nanobalances based on individual single-walled carbon nanotubes is examined. The carbon nanotube resonators are assumed to be either cantilevered or bridged and simulated by an atomistic modeling, i.e., the molecular structural mechanics method. The results indicate that the mass sensitivity of carbon nanotube nanobalances can reach 10 −21 g and a logarithmically linear relationship exists between the resonant frequency and the attached mass when the mass is larger than 10 −20 g. Resonance-based sensors offer the potential of meeting the high-performance requirement of many sensing applications, including metal deposition monitors, chemical reaction monitors, biomedical sensors, mass detector, etc.
Resonance-based sensors offer the potential of meeting the high-performance requirement of many sensing applications, including metal deposition monitors, chemical reaction monitors, biomedical sensors, mass detector, etc.
1-4 These applications employ the characteristic of resonators in frequency shifting due to mass loading. Electromechanical resonators, such as quartz crystal microbalances, have been extensively used as mass sensitive transducers in these sensors and have been refined over several decades. The mass sensitivity of current electromechanical transducers has nearly reached their theoretical limits. 5 On the other hand, micromechanical resonators, such as microcantilevers, have received much attention in recent years. 3 The merit of micromechanical resonators is that miniaturization of their dimensions enhances the mass sensitivity of these sensors. It has been reported that the detectable mass can be as small as several femtograms by using microsized silicon or siliconnitride cantilevers. 6, 7 Recently, an even higher mass resolution ͑10 −3 fg͒ has been achieved. 8 However, the demands on sensors for gas detection, 9 virus detection, 6 and charge detection, 10 for example, require even higher mass sensitivity. If the resonators are scaled down to nanosize, the mass sensitivity of the resulting nanosensors can surely be enhanced to meet such demands.
The idea of using individual carbon nanotubes as high sensitivity nanobalances was first proposed by Poncharal et al. 11 In fact, carbon nanotubes are unique nanostructured materials. The extraordinary mechanical and physical properties in addition to the large aspect ratio and low density have made carbon nanotubes ideal components of nanodvices. A wide range of applications of carbon nanotubes have been reported in the literature, such as atomic force microscopy probe tip, 12 nanotweezer, 13 nanoactuator, 14 nanooscillator, 15 etc. Recently, the authors examined the feasibility of using carbon nanotubes as nanomechanical resonators. 16 It was predicted that the fundamental frequencies of cantilevered or bridged single-walled carbon nanotubes could reach the level of 10 GHz-1.5 THz depending on the nanotube diameter and length. This level of fundamental frequency is much higher than the highest frequency nanomechanical resonator so far fabricated from silicon carbide using optical and electron-beam lithography. 17 The principle of mass detection using resonators is based on the fact that the resonant frequency is sensitive to the resonator mass, which includes the self-mass of the resonator and the mass attached on the resonator. The change of the mass attached on the resonator can cause a shift of the resonant frequency. The key issue of mass detection is in quantifying the change in the resonant frequency due to the added mass. For quartz crystal microbalances or other cantilever microbalances, some formulas exist in the literature relating the change in the resonant frequency to the change in the added mass. 8, 18, 19 These formulas are either empirical or based on the equation of motion of a continuum cantilever. For carbon nanotube nanobalances, the validity and accuracy of these formulas need to be examined. In the present study, we explore the potential of using single-walled carbon nanotubes as nanomechanical resonators in nanosized mass sensors. A simple formula representing the relation between the resonant frequency of a carbon nanotube resonator and the attached mass is established.
For the analysis of resonant frequency of carbon nanotube resonators, we adopt the molecular structural mechanics method. 16, [20] [21] [22] The molecular structural mechanics method simulates carbon nanotubes at the atomistic scale and it has been successfully used for predicting static and dynamic properties of carbon nanotubes. This method was motivated from the observation of geometric similarities between nanoscopic fullerenes and macroscopic space frame structures. In this modeling technique, the covalent bond between two neighboring carbon atoms is simulated as an equivalent structural beam with a circular cross section. According to the theory of structural mechanics, only three stiffness parameters, i.e., the tensile resistance EA, the flexural rigidity EI, and the torsional stiffness GJ need to be determined for the analysis of frame deformation. Here, E and G are, respectively, the Young's modulus and shear modulus of the beam, A , I, and J are, respectively, the area, the moment of inertia and the polar inertia of the beam cross section. Based on the energy equivalence between local potential energies in computational chemistry and elemental strain energies in structural mechanics, the tensile resistance, the flexural rigidity, and the torsional stiffness for an equivalent beam can be determined from force field constants 23 
where k r , k , and k are the force field constants in molecular mechanics, and L is the length of the equivalent beam. By simulating a single-walled carbon nanotube as an equivalent space frame-like structure, the fundamental frequency of the nanotube can be obtained by solving the equation of motion for free vibration, i.e.,
where ͓M͔ and ͓K͔ are, respectively, the global mass and stiffness matrices, and ͕y͖ and ͕ÿ͖ are, respectively, the nodal displacement vector and acceleration vector. The global mass matrix ͓M͔ is assembled from the elemental mass matrix, i.e. ͓M͔ = ͚ e=1 n ͓M͔ e , and the global stiffness matrix ͓K͔ is assembled from the elemental stiffness matrix ͓K͔ e , i.e., ͓K͔ = ͚ e=1 n ͓K͔ e . Here n is the number of beam elements. Because the mass of electrons is negligible compared with the mass of a carbon nucleus ͑m c = 1.9943ϫ 10 −23 g͒, the mass of carbon nuclei in the space frame-like nanotube can be assumed to be concentrated at the center of the atoms, namely, the joints of beam elements. Also, due to the extremely small radius ͑r c = 2.75ϫ 10 −5 Å͒ of the carbon atomic nucleus, 24 the coefficients in the mass matrix corresponding to flexural rotation and torsional rotation, 25 i.e., 2 3 m c r c 2 , can be omitted relative to the coefficients corresponding to translatory displacements. The general form of the elemental stiffness matrix ͓K͔ e is
where the submatrices ͓k ii ͔, ͓k ij ͔, ͓k ji ͔, and ͓k jj ͔ are stiffness coefficients related to the cross-sectional parameters of the beam element i -j and can be found in Ref. 20 .
After applying the static condensation method, 25 the fundamental frequencies f and mode shapes are then obtained from the solution of the eigenproblem
where ͓K͔ s , ͓M͔ s are the condensed stiffness matrix and the condensed mass matrix, respectively, ͕y p ͖ is the displacement vector corresponding to the primary coordinates, i.e., the translatory displacements of carbon atoms, and =2f is the angular frequency.
The resonant frequencies of carbon nanotube resonators are dependent on the nanotube size and the end constraint. 16 If an additional mass is attached to a nanotube resonator, the resonant frequency will be changed. Based on the method of molecular structural mechanics, we calculate the change of resonant frequency due to the attached mass. The nanotube resonator consists of a single-walled carbon nanotube with the diameter of 0.8 nm. Two kinds of end constraints, i.e., cantilever and bridged, are considered. For cantilevered resonator, the additional mass is assumed to be attached at the free end [ Fig. 1(a) ], and for bridged resonator, at the middle of nanotube length [ Fig. 1(b) ]. For convenience, the attached mass is assumed to be concentrated on a single carbon atom. Thus, in the global mass matrix, only the structural elements connected with the specific atom are revised accordingly, and the other elements can be kept unchanged.
Figures 2 and 3 display the variation of resonant frequency of nanotube resonators with the attached mass. It is obvious that the resonant frequency of both cantilevered and bridged nanotube resonators decreases with the increase of attached mass. Although the resonant frequencies vary with nanotube length and end constraints, the curves in Figs. 2  and 3 show remarkable similarity. The frequency variations are apparent when the attached mass is larger than 10 −6 fg. Thus the mass sensitivity of this kind of nanobalance can reach at least 10 −21 g. Furthermore, it can be seen that if the attached mass is larger than 10 −5 fg, the functional relations become almost logarithmically linear. Thus, if the size and the end constraint of the nanotube resonator are known, there exists a simple relation between the value of an attached mass and the corresponding experimentally measured resonant frequency:
Here, m and f stand for the attached mass and the resonant frequency, respectively, and ␣ and ␤ are parameters derived from fitting the linear parts of the curves in Figs. 2 and 3 . For practical applications, the parameters ␣ and ␤ can be tabulated in terms of dimensions of nanotube resonators. Figure 4 shows the variation of frequency shift with the attached mass on the cantilevered nanotube resonators with different lengths. The frequency shift is defined as the difference between the fundamental frequencies of a nanotube with and without attached mass. The frequency shifts for bridged nanotube resonators show a similar trend as those of cantilevered nanotubes. It is clear that the frequency shift increases with the increase of attached mass, and become larger when the length of nanotube resonator is shorter. Thus, the mass sensitivity increases when smaller size nanotube resonators are used in mass sensors. This finding agrees with previous results for microbalances. Figure 5 displays the resonant frequency shifts of cantilevered nanotubes of the same length but different tube diameters. It can be seen that the frequency shift increases with increasing tube diameter. But comparing with Fig. 4 , it is obvious that the effect of tube diameter is much smaller than that of tube length.
In summary, we have examined the potential of singlewalled carbon nanotube as ultra-sensitive nanobalances. The carbon nanotube is simulated by an atomistic modeling method, i.e., molecular structural mechanics. Both cantilevered and bridged nanotubes are investigated. The relation between the resonant frequency of a carbon nanotube resonator and the attached mass is established. The results indicate that the mass sensitivity of carbon nanotube-based nanobalances can reach 10 −21 g and a logarithmically linear relationship exists between the resonant frequency and the attached mass when the mass is larger than 10 −20 g. A simple formula for estimating the mass based on resonant frequency has been proposed. The sensitivity of resonant frequency shifts to both tube length and diameter has been demonstrated.
Finally, it should be noted that the present results are obtained based on the assumption that the temperature remains constant in the process of mass detection. This is an ideal condition. In practice, the background noise present due to temperature fluctuation may influence the vibrational frequency of nanotube resonator. This issue can only be addressed after the thermal expansion behavior of carbon nanotubes is understood. Currently, there are only a few studies reported in the literature concerning thermal expansion of nanotubes, and the results are still debatable. A study of the thermal expansion of carbon nanotube by the authors is under way. The results will enable simulations of the temperature effect on nanotube dynamic behaviors. 
